The short-time linear canonical transform (STLCT), which maps the time domain signal into the joint time and frequency domain, has recently attracted some attention in the area of signal processing. However, its applications are still limited due to the fact that selection of coefficients of the short-time linear canonical series (STLCS) is not unique, because time and frequency elementary functions (together known as basis function) of STLCS do not constitute an orthogonal basis. To solve this problem, this paper investigates a dual window solution. First, the nonorthogonal problem that suffered from original window is fulfilled by orthogonal condition with dual window. Then based on the obtained condition, a dual window computation approach of the GT is extended to the STLCS. In addition, simulations verify the validity of the proposed condition and solutions. Furthermore, some possible applied directions are discussed.
Introduction
The short-time Fourier transform (STFT) is proved to be a potent tool for processing nonstationary signals [1] . It can map the time domain signal into the joint time and frequency domain by adding a window to the Fourier transform (FT). When we select Gaussian window, the STFT becomes the Gabor transform (GT). In recent years, with the development of nonstationary signal processing technology, the linear canonical transform (LCT) was developed by many scholars [2] [3] [4] [5] [6] [7] [8] [9] . It is a generalized form of the FT and the Fractional Fourier transform (FRFT) and has been considered to be a powerful analyzing tool in signal processing and optics [10] [11] [12] [13] [14] [15] .
Serving as a powerful analyzing tool, basic theories of the LCT are fruitful [12, [16] [17] [18] [19] . But it fails in locating the LCT-frequency contents due to its global kernel. Kou and Xu, in [20] , proposed the short-time linear canonical transform (STLCT) to handle that limitation by adding a window to the LCT. Subsequently, the STLCT also received attention from some scholars. Some theoretical results in the STFT domain have been extended to the STLCT domain. In [21] , Kou et al. proved the Paley-Wiener theorems for the STLCT in mathematical applications. In [22] , Zhang addressed a sampling theorem for the STLCT by means of a generalized Zak transform associated with the LCT. In [23] , Guanlei discussed the uncertainty relation in two STLCT domains.
In our previous work [24] , we studied the problem of uncertainty principle and general orthogonal condition of the STLCT by generalizing the uncertainty principle and orthogonal condition of the STFT to the STLCT. However, its applications are still limited due to the fact that selection of coefficients of the short-time linear canonical series (STLCS) is not unique. In this paper, we study the problem of computation of the STLCS. Our object is to find an appropriate improved orthogonal condition and focus on the computation method that can be applied to the STLCS.
Computation of coefficients of the STLCS depends on orthogonalization of its basis composed of selected window and kernel function. In fact, computation of the GT, special case of the STLCT, was once limited due to the difficulties in computing the Gabor series (GS) coefficients because of its nonorthogonal basis (see Figure 1) . One way to address this is by introducing orthogonal condition, which was first proposed by Bastiaans in 1980 [25] . Based on Bastiaans' work, the dual window solution of the GS was then founded in [ [26] [27] [28] . All these computing methods of dual window are determined by the orthogonal condition and its equivalent form or their corollaries. It is natural to solve nonorthogonal problem of the STLCS by extending the solutions of the GS.
The difficulties of generalizing these approaches are as follows: the first one is how to obtain an appropriate equivalent form of orthogonal condition of the STLCS that can be used in subsequent dual window computation; second challenge is how to use this condition to compute dual window functions. As mentioned above, there were several ways to compute the dual window of the GS, including frame theorem [27] , orthogonal analysis [28] , and minimum energy approach [26] . Each approach had different requirement of orthogonal condition. For instance, the methods in [27, 28] needed biorthogonal condition, a stronger orthogonal condition, to compute the dual window. Compared to the frame method and biorthogonal analysis, the approach in [26] was based on a normal orthogonal condition and avoids computing frame bounds. But the process needed an appropriate corollary of the condition to accomplish the derivation process, and the calculation is simple.
In this paper, in order to employ and extend the classic GS minimum energy approach, we seek an appropriate orthogonal condition of the STLCS based on the previous work [24, 25] , which can be viewed as existence condition of the dual window. Two specific forms of orthogonal condition that meet the needs of subsequent dual window computation process are obtained. Then GS minimum energy approach is extended to the STLCS. To preserve the fine properties of original window, the dual window should be as similar as possible to the "shape" of the original Gaussian window, which can be achieved by adjusting free parameters.
The rest of this paper is organized as follows. In Section 2, the LCT and STLCS are briefly introduced. In Section 3, two specific forms of orthogonal condition known as existence condition of dual window function for STLCS are derived. In Section 4, we extend a minimum energy approach to compute dual window function by given original window.
Simulation and discussion are also provided in this part. Section 5 concludes this paper.
Preliminaries

Review of the LCT and LCS.
The linear canonical transform (LCT), a generalization of the Fourier transform (FT) and the fractional Fourier transform (FRFT), is a very useful signal analysis tool. It is an integral transform with four parameters = ( , , , ). It is defined as follows [5] :
where , , , ∈ R and − = 1. And the kernel of LCT is
when ( , , , ) = (0, 1, −1, 0), and the LCT reduces to the multiplied FT:
when ( , , , ) = (cos , sin , − sin , cos ), and it reduces to the FRFT multiplied by a constant phase:
The LCT can also be extended to include the Fresnel transform and Laplace transform. Besides, as its series form, the linear canonical series (LCS) is an another expression Mathematical Problems in Engineering 3 form of the LCT from the perspective of theory of series. Its basis function is defined as follows [12] :
where 0 is called the central frequency. The basis of LCS is orthogonal with an aperiodic chirp function. For more details about the definition, properties, and relationship between the LCT and LCS, see [12] .
The STLCT and STLCS.
The LCT is a potent tool to analyze signal. But it cannot reveal the local frequency contents because of its global kernel. To tackle this problem, by adding a suitable window to the LCT, it is defined as follows [20] :
. (6) By definition, the result of the integral transform contains information about time and frequency . So we can know not only the STLCT frequency domain contents but also how they change with time. The basis of the STLCT is denoted by
Based on the expanding theory of Gabor series, a real signal can be expanded on the Gabor basis under certain conditions. As the generalized form of Gabor series, a real signal can also be expressed by STLCS. It can be defined as the following form:
The expansion coefficients , , are the sampled values of STLCT. Let 0 = and substitute it into (5); then the basis of the STLCS can be obtained as follows:
where , ∈ Z, is the time translation parameter, and the number is called the frequency modulation parameter.
Orthogonal Condition of the STLCS
To solve the nonorthogonal basis problem of the Gabor, Bastiaans proposed a biorthogonal condition of the GS to disclose orthogonal relationship between original and dual window, which was given as
where 0 and Ω 0 represent time and frequency sampling intervals, respectively. The equation denotes the relationship between dual window ( ) and original window ℎ( ), in which * (⋅) is conjugate form of (⋅). And the dual window ( ) existing in the above formula guarantees the completeness of the expansion coefficients.
But above all, the GS is the special case of the STLCS and also faced its nonorthogonal basis problem. Our object is to obtain an appropriate equivalent form of orthogonal condition of the STLCS which can be used in dual window calculation. In [22] , Zhang proposed a biorthogonal condition for the STLCS, which can be viewed as a theoretical foundation for frame theorem approach and orthogonal analysis method in seeking dual window. However, the process is too complex such as frame boundary estimation and matrix calculation. So the classic GS minimum energy approach is extended to the dual window computation via an orthogonal condition, a simpler condition. And in our previous work [24] , we proposed an orthogonal condition for the STLCS by extending Bastiaans' work in [25] .
In this section, based on the work in Theorem 2, [24], we find two specific orthogonal conditions so as to apply to subsequent dual window deducing. The main result of this section is summarized as the following theorem.
Theorem 1. The basis of the STLCS is of orthogonality if and only if there exists a dual window function ( ) satisfying the following orthogonal condition:
where 0 = / and denote the time and frequency sampling steps, respectively. * (⋅) is conjugate form of (⋅).
Proof. Suppose there exists a dual window function that can meet the need of orthogonality, and the dual window constitutes a dual basis, such that
where , , ( ) = ( − ) , ( , ), then, based on the assumptions, the STLCS coefficients, , , , with dual window ( ), are expressed as the following two forms:
, , = ⟨ ( ) , , , ( )⟩
According to Theorem 2 in [24] , we have the following condition:
4 Mathematical Problems in Engineering Equation (14) presents the orthogonal relationship between original window and dual one. Let = 0, according to properties of the Dirac function, we obtain 0 ∑ℎ * ( − ) ( − ) = 1.
On the other hand, when ̸ = 0, we have the following:
Equations (15) and (16) are derived for the subsequent computation process.
Computation of Dual Window Function ( )
4.1. Methodology. The object of this section is to find a Gaussian-like dual window which looks "similar" to the original one under the orthogonal condition. Given an original window function ℎ( ), its dual window ( ) of the basis ℎ , , ( ) can be computed via minimizing energy of (20) . We generalize the method used in [26] by solving its two prerequisites that need to be determined in deducing the process. One is the first terms of coefficients, choice of the period value 0 . In accordance with the choice in section 2 of [29] , we adopt 0 = / . It denotes that the result depends on the determination of free parameter $ $. The other one is that the derivation procedure should be based on specific form or corollary of orthogonal condition. We overcome it by Theorem 1. And the shape of derived dual windows is affected by free parameters. Therefore, dual window can be modified through adjusting the parameters. The details will be given at the end of this section. The recursive approach is summarized as the following theorem.
Theorem 2. The minimum energy solution to the orthogonal condition of the STLCS is
( ) = ∑ ( ) ℎ ( − ) ,(17)
which denotes the relationship between original window function ℎ( ) and its dual window ( ), where ( ) is a periodic function with period ( ∈ ) and can be calculated via a recursive formula:
where
Proof. Suppose {ℎ , , } constitutes a basis. According to (14) , ( ) exists in {ℎ , , }; that is to say ( ) can be represented in terms of {ℎ , , }:
First, we compute the first term 0 ( ) and let
which is a periodic function. Thus, (20) can be rewritten as follows:
This establishes (17) . To calculate 0 ( ), let = 0:
where 0 is error between ( ) and ℎ( ); then we denote ‖ 0 ( )‖ 2 as follows:
where ‖ ⋅ ‖ is norm, 0 ( , ) = ( − ) − 0 ( )ℎ( − ), and, for 0 ≤ ≤ 0 , the minimizing ‖ 0 ‖ 2 is equal to minimize Γ as follows:
Then, suppose 0 ( ) = + . Let Θ = / + ( / ); the minimized Γ is achieved when
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According to Theorem 1, we obtain
where 0 = / , by substituting (28) into (27), we obtain
This establishes (19) . Second, the relationship between ( ) and −1 ( ) can be derived using the same way in [26] , and it is analogous to the derivation process of 0 ( ). To the last key steps,
According to Theorem 1, we have
Equation (18) then follows. Theorem 2 presents a computation approach for the dual ( ) with ℎ( ). From the process above, we can see that the main difference of computation process between the STLCS and the GS is determination of free parameter .
Simulation.
In this part, we choose a Gaussian window function, one of the most commonly used windows, as our original window function. Dual form of Gaussian window can be obtained via following steps:
(1) Choose, given Gaussian window ℎ( ), initial parameters including and .
(2) Compute ( ) via 0 ( ), 1 ( ), . . .. (It is not necessary to compute all the coefficients; in fact, the rest terms in ( ) will approach zero even from the behind the third item.) Figure 2) , and, then, we obtain where
Simplifying it, we obtain
When = 2/ , = 1/2 , = 0.9, ( ≈ 0.0913), we can compute that 0 ( ) = 2 / = /2, 1 ( ) = /2 + − /2 , 2 ( ) = /2 + − /2 + − /2 4 ; the remaining terms in 3 ( ), 4 ( ), . . . , ( ) are very very small, and they can be ignored. So we obtain
Other derived dual window ( ) with different parameters , , and can be calculated in a similar manner. On the one hand, when = 2/ , = 1/2 , original window and some dual windows with different are shown in Figure 3 .
As a result, the shape of dual window ( ) with = 0.0101, = 0.1 looks "most similar" to the original given window function ℎ( ). In fact, when remains unchanged, the smaller is, the more similar ( ) and ℎ( ) look, which denotes that the value determines the size of the second lobe in dual window (see Figure 4) . On the other hand, if we make and unchanged, the amplitude of the dual window can be affected by free parameter (see Figure 5) . In any event, our object is to seek a dual window that shares shape characteristic of Gaussian window. Then, derived dual window not only can be used to substitute original window of the STLCS but also inherits good time-frequency properties generated by original window. So, we are pleased to see the situation that ℎ( ) can be approximated by ( ) commendably.
Discussion.
In this subsection, the second lobe and its influence are discussed. Simulation indicates that how free parameters affect the shape of derived dual windows. The second lobe phenomena occur because of the computation expression of dual window. It can be eliminated by adjusting parameter . More importantly, our object is to find a dual window which "looks like" Gaussian window shape as much as possible. It has its reasons. First, only the Gaussian window can achieve lower bound of uncertainty principle of STLCT, which implies that Gaussian window is an optimal window for the STLCT. Second, the larger second lobe means the dual window has a larger product value of . According to the time-frequency theories of the STLCT, a larger value of can cause inverse STLCT to be more unstable than small value. Therefore, generally speaking, to achieve an optimal window and stable reconstruction, we usually avoid the occurrence of big second lobe by adjusting parameter.
The advantages of our work are as follows. We have proved that approach in [26] can be extended to the STLCS with two equivalent orthogonal conditions. Now we can compute the dual window if we have selected an appropriate initial term, which is a generalized form of the GS. It avoids the estimation of frame bounds and the Zak transform in [27] . More importantly, it asks weak orthogonal conditions to accomplish the derivation process. The whole computation is simple and concise.
The weakness of proposed method: although Gaussian window can be computed well, some other windows such as Triang window and Harming window cannot be calculated easily due to the complexity of the computational process. In particular, for the one-sided exponential window, it is not wise to compute its dual window by the approach. For example, consider the following window function:
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We calculate 0 ( ) and ( ) as follows:
The speed of −( −( /2) 0 −( /2) 0 ) → 0 is too slow. This causes high computational complexity.
Potential applications of the STLCT: it is known that the classic GT has attracted much considerable research attention due to its time-frequency properties, ranging from signal and image processing to time series analysis domain, and so forth. For instance, in signal and image processing field, we can use the GT to deal with nonstationary signal in signal processing and also do the feature extraction in fault diagnosis and image processing field. As the generalization of the GT, the STLCT is a novel and flexible tool due to its free parameters. Another possible application area of the STLCT may be the efficient approximate representation in time series analysis. There was an indexing method for time sequences for processing similarity queries, in which FT was used to map time sequences to the frequency domain. However, first, the FT based indexing method cannot extract local information well due to its globe kernel function. The LCT maybe can handle this problem well by sliding window. Second, since the limitation of global transformation of the FT, this representation does not consider the time series local trends precisely, which can be extracted by the STLCT.
Conclusion
In this paper, we have developed two equivalent forms of orthogonal condition for the STLCS basis. A dual window solution to the nonorthogonal basis problem of the STLCT is presented. Then based on the condition, we can compute the dual window via recursive approach. The dual window computation is the prerequisite of the STLCS coefficients calculation. How free parameters affect the shape of dual window is studied. Finally, we investigate some advantages, weaknesses, and potential applications of the STLCT. This paper mainly focuses on its theoretical problem. The future work will be the study of applications of the STLCT.
